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An analysis of two-dimensional ͑2D͒ effects in the nonlinear Kronig-Penney model is presented. We establish an effective one-dimensional description of the 2D effects, resulting in a set of pseudodifferential equations. The stationary states of the 2D system and their stability is studied in the framework of these equations. In particular it is shown that localized stationary states exist only in a finite interval of the excitation power.
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There is a growing interest in the subject of wave propagation in nonlinear photonic band-gap materials and in periodic nonlinear dielectric superlattices. 1 The basic dynamics in these systems is described by the fundamental nonlinear Schrödinger ͑NLS͒ equation
where (r ជ ,t) is the complex amplitude of quasimonochromatic wave trains, the variable t is time, and r ជ is the spatial coordinate. The function f (r ជ ,͉͉ 2 ) characterizes the nonlinearity of the medium, e.g., the nonlinear corrections of the refractive index of the photonic band-gap materials or the self-interaction of the quasiparticles in the superlattices. In the case of periodic nonlinear superlattices consisting of alternating layers of two dielectrics, it is usually assumed that the nonlinearity of one of the dielectrics is much larger than the nonlinearity of the other, so that the latter can be considered linear. If the thickness of the nonlinear layer is small compared to the de Broglie wavelength within the layer, the problem can be described by the nonlinear Kronig-Penney model 2 with the nonlinearity f (r ជ ,͉͉ 2 ) in the form
corresponding to a focusing medium with cubic nonlinearity. Here x n ϭnl is the coordinate of the nth nonlinear layer and l is the distance between adjacent nonlinear layers. Wave propagation in the framework of the one-dimensional ͑1D͒ nonlinear Kronig-Penney model was studied in detail in Refs. 3-5, but in these works the coupling between the longitudinal and transversal degrees of freedom was ignored. It was shown that the transmission properties depend critically on the injected wave power. Additionally, it was shown that these systems exhibit bistability and multistability.
In the present paper we consider 2D effects in the nonlinear Kronig-Penney model given by Eqs. ͑1͒ and ͑2͒, where the complex amplitude depends on the coordinate x transversal to the nonlinear layers and the longitudinal coordinate z. Denoting with an overbar , the Fourier transform with respect to t and z, one can represent Eqs. ͑1͒ and ͑2͒ in the form
Similarly to the approach used in Refs. 3 and 5, we can solve these equations in the linear medium and thereby express the field (x,z;t) for nlрxр(nϩ1)l in terms of the complex amplitudes n (z,t)ϵ(x n ,z;t) at the nonlinear layers, ͑x,z;t ͒ϭ sinh͕ ͓͑nϩ1͒lϪx͔͖
where the complex amplitude n (z,t) satisfies the set of pseudodifferential equations
with periodic boundary conditions nϩN ϭ n , where N is the number of layers. In Eqs. ͑4͒ and ͑5͒ the operator is defined as ϭͱϪi‫ץ‬ t Ϫ‫ץ‬ z 2 or expressed in the Fourier domain ϭͱϩk 2 . In passing it is worth noting the following two limits where the system ͑5͒ reduces to systems previously discussed in the literature. First, considering the ordering
which is the so-called discrete-continuum NLS equation introduced by Aceves et al. 6 to describe soliton dynamics in nonlinear optical fiber arrays. Second, increasing the distance l between the nonlinear layers, the interlayer coupling ͓the first term on the left-hand side of Eq. ͑5͔͒ vanishes and the equation takes the form In what follows we will be interested in stationary states of the system and therefore study solutions of the form
where 2 is the nonlinear frequency and n (z) the amplitude in the nth nonlinear layer. Since Eq. ͑5͒ is Galilean invariant, standing excitations can always be Galileo boosted to any velocity in the z direction. Introducing the ansatz ͑8͒ into Eq. ͑5͒, we obtain
Note that for z-independent amplitudes n and 2 ϭϪk 2 the set of equations ͑9͒ reduces to the algebraic equations considered in Refs. 3-5. We shall consider spatially localized ͑in the z direction͒ solutions ( 2 Ͼ0). Equation ͑1͒ has as an integral of the motion the power
where the last equality in Eq. ͑10͒ is obtained using Eqs. ͑1͒, ͑2͒ and ͑8͒. Considering a finite number N of nonlinear layers, a physically reasonable excitation pattern is n (z)ϭ(z), where the complex amplitudes n are the same in all nonlinear layers. For this excitation pattern the real-valued profile (z) should satisfy the equation
where the dispersion operator L has the form
The natural longitudinal extension of the excitation in this system will clearly be determined by the values q j where the dispersion operator L(q) vanishes. From Eq. ͑12͒ it follows that
In the limit where the nonlinear frequency 2 is small we therefore expect nonlinear excitations with an extension much larger than 1/q j ( jу1) so that only the scale q 0 Ϫ1 is important. A Padé approximation of degree ͑2,2͒ ͑Ref. 8͒ for the operator L with respect to the variable 2 Ϫ‫ץ‬ z 2 is therefore appropriate and yields
Gaididei et al. 9 have previously investigated this type of equation and shown that under the boundary conditions (z)→0 for z→Ϯϱ the solution only exists for р c ϵͱ3/2l
2 . From the analysis of Ref. 9 the power P can be found analytically and it can be seen that P() is a nonmonotonic function with a local maximum. The conclusion that stationary states exist only in a finite interval 0р Pр P m ϭ P( m ) is confirmed by direct numerical simulation of Eq. ͑9͒. Figure 1 shows that the agreement with the numerically obtained result is good for 2 р 1/2 ͑in the simulations the lattice spacing was lϭ1), but for intermediate values of the nonlinear frequency 2 there is only qualitative agreement. The discrepancy for larger values of the nonlinear frequency and, in particular, the existence of the limiting value c is due to the approximate character of Eq. ͑14͒ since it was obtained from Eqs. ͑11͒ and ͑12͒ in the limit of small . The numerical solution of Eqs. ͑11͒ and ͑12͒ shows that the stationary states exist for any values of , but for Ͼ m the power P is a monotonically decreasing function of . This asymptotic behavior can easily be understood since the scaling transformation ϭ 1/2 R(), ϭz, together with the assumption lӷ 1, reduces Eqs. ͑11͒ and ͑12͒ to Ϫ2 ͱ1Ϫ‫ץ‬
which is independent of . The applied scaling therefore yields Pϳ 1/ as →ϱ, which agrees with the results of the numerical simulations ͑see Fig. 1͒ . A numerically obtained example of the excitations described by Eqs. ͑11͒ and ͑4͒ is shown for 2 ϭ5.0 in Fig. 2 . Discussing the stability of the stationary states satisfying Eq. ͑11͒, there are two sources of instability to be considered: longitudinal and transversal perturbations. The perturbations of the first type are of the same symmetry with respect to the transversal degrees of freedom as the stationary state Eq. ͑11͒, while the second type of perturbations breaks this symmetry. The role of transversal perturbations is considered in the small amplitude limit ͓Eq. ͑6͔͒ of Eq. ͑5͒. Linearizing Eq. ͑6͒ around the solution n (z,t)ϭe i 2 t (z), the spectral problem FIG. 1. Power P of the stationary state n (z,t)ϭ(z,t)e i 2 t versus the nonlinear frequency 2 . Numerical result from Eq. ͑11͒ ͑dashed line͒, Padé approximation ͑14͒ ͑full line͒, and the asymptotic relation Pϳ1/ as →ϱ ͑dotted line͒. The spacing between the nonlinear layers is lϭ1.
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governs the evolution of perturbations n (z,t) ϭ͓(z)ϩu n (z,t)ϩiv n (z,t)͔exp(i 2 t), u n ,v n ϳexp(iqn ϩt). These equations are similar to those determining the soliton stability in 2D NLS models.
10 Using the results of Ref. 10 we get 2 ϭ 12
Thus the growth rate of the perturbations is real and an instability occurs for perturbations with wave numbers q satisfying 4sin 2 (ql/2)Ͻ 3 2 l 2 . Studying the role of longitudinal perturbations, we use the fact that Eq. ͑1͒ is the Euler-Lagrange equation for the action
Assuming that ⌽(r ជ ,⌳)e i⌳t is the stationary solution of Eq. ͑1͒, we shall investigate the longitudinal stability of the stationary state using a variational approach with a trial function in the form ͑r ជ ,t ͒ϭͱ
where ⌳(t) and ␣(t) are real time-dependent variational parameters, ͉r ជ ͉ϭͱx 2 ϩz 2 , and P(t)ϭ͐dr ជ ⌽ 2 "r ជ ,⌳(t)… is the power that corresponds to the real-valued state ⌽(r ជ ,⌳) with ⌳ being an arbitrary function of t. Note that the function ͑19͒ automatically satisfies the normalization condition ͑10͒ with a power P. Inserting Eq. ͑19͒ into Eq. ͑18͒, we obtain the effective action
where
W is the effective nonlinear interaction, while the parameter J characterizes the spatial distribution of the excitation. The Euler-Lagrange equations for the action ͑20͒ can be reduced to
The stationary points ⌳ s of Eq. ͑22͒ are then determined by the equality PϭP. For small deviations ␦ϭ⌳Ϫ⌳ s from the stationary state we obtain from Eq. ͑22͒
and for a positive-definite nonlinear term W the condition for instability reads
An equation of the same structure as Eq. ͑22͒ was recently obtained for a 1D NLS equation by Pelinovsky et al. 11 in the framework of perturbation theory, which is valid near the threshold of the soliton instability. Here and in our approach the equations describe in an approximate way the dynamics of the excitations.
At this point it is appropriate to note that Eq. ͑22͒ can be considered as an equation of motion for an effective particle with the kinetic energy T and potential energy U given by
is the Hamiltonian of the system in the stationary state ⌽(r ជ ,⌳). In accordance with Eqs. ͑26͒ and ͑27͒, the minima of the effective potential U correspond to the stable stationary states and the dynamics governed by Eq. ͑22͒ has an oscillatory character, while the maxima of the function U correspond to unstable stationary states. Returning to the system described by Eq. ͑1͒ with a nonlinear term given by Eq. ͑2͒, we see ͑Fig. 1͒ that stationary states defined by Eqs. ͑8͒ and ͑11͒ are unstable with respect to longitudinal perturbations for 
